Ion parallel closures are obtained for arbitrary atomic weights and charge numbers. For arbitrary collisionality, the heat flow and viscosity are expressed as kernel-weighted integrals of the temperature and flow-velocity gradients. Simple, fitted kernel functions are obtained from the 1600 parallel moment solution and the asymptotic behavior in the collisionless limit. The fitted kernel parameters are tabulated for various temperature ratios of ions to electrons. The closures can be used conveniently without solving the kinetic equation or higher order moment equations in closing ion fluid equations.
I. INTRODUCTION
The ion fluid equations for density (n), flow velocity (V), and temperature (T ) are closed by expressing heat flux density (h) and viscosity tensor (π) in terms of fluid variables, n, T , and V.
The ion friction force and collisional heating densities can be obtained from those of electrons [1] .
For high collisionality, the ion closures are formulated in Ref. [2, 3] with the ion-electron collision effects ignored. The results are generalized and improved by including the ion-electron collision terms in Ref. [4] . For low collisionality the free streaming term plays an important role and the parallel closures appear in integral form [5] [6] [7] [8] [9] [10] . With accurate collision terms adopted, the electron parallel closures for arbitrary collisionality are obtained in Refs. [11, 12] .
The integral (non-local) closures enable fluid models to capture kinetic effects in parallel transport. The closures are implemented in the BOUT++ [13] to study kinetic effects on parallel transport in fluid models of the scrape-off layer [14, 15] . The kernel functions obtained from the moment approach may be approximated by a sum of modified-Helmholtz-equation solves in configuration space for the fast non-Fourier method to compute closures efficiently [16] .
In this work we extend our previous work on parallel closures for electrons [11, 12] to ions.
We adopt the closure/transport ordering ignoring the time derivative terms when solving general moment equations for higher order moments. As the ion-electron collision effects can be significant, we keep the ion-electron collision terms. The ion-electron collision operator notably modifies closures for high to moderate collisionality. The ion-electron collision terms depend on the ion-electron temperature ratio, T i /T e , and mass ratio combined with the ion charge number, m e /m i Z 2 = m e /m p AZ 2 , where m e is the electron mass, m i is the ion mass, m p is the proton mass, A is the atomic weight, and Z is the ion charge number. We solve the general moment equations for various temperature and mass ratios to obtain kernels to compute closures. Then we construct simple fitted kernels for arbitrary AZ 2 and temperature ratio T i /T e ≤ 10. For AZ 2 = 1 and 2, the fitted kernels are specified by seven parameters, yielding highly accurate closures within 2% errors. For AZ 2 ≥ 3, simpler form of kernels are specified by only four parameters which are expressed as general functions of AZ 2 and T i /T e , yielding accurate closures within 20% errors.
In Sec. II, we review the parallel moment equations and the properties of kernels for the integral closures. In Sec. III, the fitted kernels and their parameters are presented for arbitrary AZ 2 . In Sec. IV, we summarize and discuss future work.
In this section we write a set of linearized parallel moment equations, the solution of which provides closures. The derivations are basically the same as the electron case in Sec. II of Ref. [12] .
The parallel moment equations are obtained by taking parallel components of the general moment equations [17] or taking moments of the following reduced drift kinetic equation
where ℓ is the arc length along the magnetic field line, ∂/∂ℓ = b · ∇, b = B/B, B is the magnetic field, andf M andf N are the gyro-averaged Maxwellian (M) and non-Maxwellian (N) distribution functions, respectively.
The linearized collision operators C iL are linearized with respect to
where n a is the density of species a, v T a = 2T a /m a , s a = v/v T a , and T a is the temperature. For the non-Maxwellian distribution,
and for the Maxwellian
and V a is the parallel flow velocity. The ion-electron collision operator for the Maxwellian distribution, Eq. (3), which equilibrates temperature and flow velocity between electrons and ions, does not appear in the closure moment equations. Note that the ion-electron collision effect is not ignorable [4] . As explicitly shown in Eqs. (7), (9) , and (12) of Ref. [4] , the ion-electron collision operator depends on m e /m i /Z = m e /m p AZ 2 and the temperature ratio T e /T i .
The linearized parallel moment equations for the non-Maxwellian moments are [12] lk =M ψ jp,lk ∂n
or, in matrix form,
where dη = dℓ/λ C , λ C = v T i τ ii , and τ ii is the ion-ion collision time. Here and hereafter the ion species index will be suppressed unless it is needed for clarity. The matrix elements are
and
whereÂ jpk ab andB jpk ab are explicitly formulated in Ref. [17] . The moment indices (l, k) run
excluding the Maxwellian moments M = (0, 0), (0, 1), and (1, 0).
The parallel closures are related to the general moments by
For ions, the only non-vanishing thermodynamic drives are
where
and V is the ion flow velocity.
The system of N moment equations can be solved by computing the eigensystem of Ψ −1 C where the eigenvalues appear in positive and negative pairs. Different from the electron case, since the ion-electron collision matrix is not symmetric, some eigenvalues are complex numbers.
The complex eigenvalues appear in complex conjugate pairs and so do the corresponding eigenvectors, making the solution real. The solution is expressed as a kernel weighted integral of the thermodynamic drives
where the moment indices have been abbreviated as a single index A, B, etc. The kernel functions are
where R(k B ) denotes the real part of the eigenvalue k B . The coefficients are
where W AB is the A-th component of the eigenvector with eigenvalue k B .
For closure moments, we define 
and corresponding K AD by Eq. (13) . The sign should be corrected for γ 
where −B denotes the moment index corresponding to −k B , we notice that the kernel functions are even or odd functions
Using the definition of K AD and Eqs. (7-10), we can write the parallel closures
For sinusoidal drives, T = T 0 + T 1 sin ϕ and V = V 0 + V 1 sin ϕ, where ϕ = 2πℓ/λ + ϕ 0 = kη + ϕ 0 and k = 2πλ C /λ, and assuming that n and v T ≈ 2T 0 /m are constant and ∇ · V ⊥ = 0, the linearized closures become
The dimensionless closures are defined byĥ h = kK hh ,ĥ π = kK hπ ,π h = kK πh , andπ π = kK ππ ,
which are derived from Eqs. (13), (16) , and 
where γ h and γ π are constants. different from the electron case where even the N = 6400 moment closures do not reach the collisionless values in the convergent regime k 100 (see Fig. 2 of Ref. [11] ). The convergence of the electron closures is slower than the ion closures. This is because the coupling between moments of different velocity orders in the electron-ion collision operator is much larger than that in the ion-electron operator. Deviations of moment closures for large k 100 will be amended by collisionless kernels for small η. Finally the corrections to Braginskii provided by the moment closures,ĥ h andπ π , even in the highly collisional regime are due to the inclusion of the ionelectron collision operator.
III. FITTED KERNELS FOR INTEGRAL CLOSURES
As shown in Figs. 1 and 2, the kernels obtained from a finite number of moment equations are not accurate for small η and result in inaccurate closures in the collisionless limit. Furthermore they involve as many terms as the number of moments used in the derivation [see Eq. (13)].
Therefore simple fitted functions are desirable to accurately represent the moment kernels for the convergent regime and the collisionless kernels for small η. Due to the ion-electron collision operator in Eq. (2), the kernels depend on AZ 2 and T i /T e . By computing the kernels and closures for AZ 2 = 1, 2, 3, 4, 16, · · · , 4096 and T i /T e = 0, 0.01, 0, 1, 1, 2, · · · , 10, highly accurate fitted kernels for arbitrary AZ 2 and T i /T e 10 may be obtained via interpolation.
A. Kernels for AZ 2 = 1 (H + ) and 2 (D + )
As in the electron case, all kernel functions can be fitted to a single function
which yields highly accurate closures for arbitrary collisionality. In order to reproduce the collisionless-limit kernels (24-27), the parameter a is derived from other parameters
for K hπ and K hπ . Table I : Fitted parameters in Eq. (28) with no ion-electron collision operator (in the AZ 2 → ∞ and/or T i /T e → 0 limits).
In the collisional limit, the kernels also reproduce Braginskii-type parallel closures [4] 
with improved coefficients by including ion-electron collision effects and more moments.
In the AZ 2 → ∞ and/or T i /T e → 0 limits, the ion-electron collision terms vanish and the fitted parameters are presented in Table I . In the collisional limit, the closure coefficients become
K ππ dη ≈ 1.365 where the values are slightly improved from Braginskii's due to the increased number of moments.
As T i /T e increases, ion-electron collisions become significant. The effect is more significant for smaller values of AZ 2 due to the factor 1/ √ AZ 2 in the ion-electron collision terms. The fitted parameters for AZ 2 = 1 (H + ) and 2 (D + ) are presented in Tables II and III, Maximum percentage errors are at most 1.9% at a specific temperature ratio and less than 1% at most temperature ratios as shown in Tables II and III . For a temperature ratio t = T i /T e , not listed in the Tables II and III , parameters can be obtained from a simple linear interpolation between two temperature ratios t 1 and t 2 (t 1 < t < t 2 ) collisionless asymptotes. For AZ 2 ≥ 3, we adopt the following form for the fitted kernels
Using the parameters α, β, and γ obtained for AZ 2 = 3, 16, 64 and for T i /T e = 0, 1, 5, 9, the following interpolation formula is obtained for Γ = α, β, γ where t = T i /T e and x = 1/ √ AZ 2 . The coefficients a ij for AB = hh, hπ, πh, and ππ are presented in Table IV . The parameter κ can be obtained from the collisionless constraints (24-27),
The simple fitted kernel (35) with the coefficients (36) is tested for AZ The kernel yields accurate closures within 5% errors forĥ h andπ π and within 20% errors for h π andπ h . The errors greater than 10% forĥ π andπ h occur at small closure values only. Since the major contribution to closures are from the diagonal elementsĥ h andπ π , the total closures computed from the fitted kernels (35) are expected to be accurate to within 10% error in most cases.
For ion parallel closures, the heat flow and viscosity closures are expressed by kernel weighted integrals of temperature and flow velocity gradients. Simple fitted kernels are obtained by solving the linearized parallel moment equations for arbitrary atomic weights and charge numbers. This work together with previous work on electrons [12] completes parallel closures for fully ionized electron-ion plasmas for cases where the magnetic field strength does not vary significantly along the field line.
The moment method can be applied to the Landau fluid closures in Ref. [19] to obtain the exact linear response for arbitrary collisionality. In the Landau fluid models, the parallel moments are decomposed into parallel and perpendicular parts. Therefore the Landau fluid closures can be constructed as linear combination of parallel moments with higher order moments included. The
Landau fluid closures for the 3 + 1 ⊥ model obtained from the moment method will be presented in the near future.
While the linearized moment equations allow analytical expressions of the linear response theory, they do not capture coupling effects between temperature and magnetic field gradients and the moments. The linear response theory should be a good approximation whenever the variations in the temperature and magnetic field along a field line are small. For large variations of temperature and magnetic field, efforts to include coupling effects of magnetic-field inhomogeneity and temperature variations are ongoing.
